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https://link.springer.com/article/10.1023/A3A1023064908962

Algebraic effects and handlers

Main idea: Computational effects are specified by an algebraic theory.

e Signature:

choose : 7 X 17 =T fail : 1 —
e Equations
choose(t,t) =t (Idem)
choose(t,u) = choose(u, t) (Sym)
choose(choose(t, u), e) = choose(e, choose(t,u)) (Asso)
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Constructors of effects, concretely

Every operation symbol op comes with an arity

op: T—>»0

defining an algebraic operation

op(v, k) v:T and K:v— @

or equivalently!, a generic operation
opv

by algebraicity, E[op v] = op(v, Ax.E[x])
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Handler as destructors of effects

A generalization of exception handlers (constructs such as try - - - catch or try - - - with)
that can capture the delimited continuation?.

h = {retx+— u} (return clause)
{---,0p;(x,k) — t;,---} (op clauses)

2Benton and Kennedy, “Exceptional Syntax”.
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Handler as destructors of effects

A generalization of exception handlers (constructs such as try - - - catch or try - - - with)
that can capture the delimited continuation?.

h = {retx+— u} (return clause)
{---,0p;(x,k) — t;,---} (op clauses)

handle (ret v)withh —, u{v/x}

handleE[opv]withh —, t;{v/x}{(Ay.handleE[y]withh)/k}
when E does not handle op

2Benton and Kennedy, “Exceptional Syntax”.
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Operations and effect handlers: From theory to practice

Effect interfaces are given by signatures. e.g. 1/0:

{write: 7 — I,read : 1 — 7}

What if we want multiple states holding values of type T, multiple open file
descriptors, etc., without forfeiting modularity?
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The EfP approach

— First-class identifier ¢ for each instance of an effect E.

e Performing an effect: t#opy v

e Handling an effect: h = {t#opy px — t}

— Dynamic generation:

let x < newE in handlet withh —, handlet{¢/x} withh{¢/x}
fresh instance ¢

3Bauer and Pretnar, "Programming with algebraic effects and handlers” .
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Programming Language J
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Fine-grained* call-by-value + alebraic effects & handlers

values v, W o= x| ATt
terms t,u := ret v|v v|match v with (P; — u;)i¢
| letx<tinu

| newE | vtopw | handle t withh

handlers h = {retx+— t}|{v#top xk — t}Wh

*Levy, Call-By-Push-Value: A Functional/Imperative Synthesis.
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Characterizing Contextual Equivalence J
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Contextual Equivalence

We consider a standard notion of contextual equivalence ~ whereby only
termination is observed.

Definition (Observation)

t is terminating
if and only if
dv st topret v

Definition (Contextual equivalence)

W B 0l = YOG ]| s, il el g
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Two equivalent encodings of state

Consider the standard encoding of state

hetate(t) := { retx— As.retx;
ttget () k — As.kss;
thset xk — As.k () s

®Biernacki et al., “Handle with care: relational interpretation of algebraic effects and handlers” .
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Two equivalent encodings of state

Consider the standard encoding of state

hetate(t) := { retx— As.retx;
ttget () k — As.kss;
thset xk — As.k () s

Another elegant encoding due to Biernacki et al.®
hinie(t) 1= {t#get () k — k O}

heet(t) := {c#set x k — handle k () with {s#tget () y — y x}}

®Biernacki et al., “Handle with care: relational interpretation of algebraic effects and handlers” .
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Interplay of generativity and contextual equivalence

(handle t with hezate(2)) 0
Xetx (1)
handle t withhj,; - heer(2)
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Interplay of generativity and contextual equivalence

(handle t with hezate(2)) 0
Xetx (1)
handle t withhj,; - heer(2)

let x < newkE in
(handle t with hytate(x)) 0 2)

;é ctx

handle t with hjyjr - heer(2)
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Operational game semantics model J
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Operational Game Semantics OGS

Trace semantics following the operational evaluation of a program (Proponent) and
tracing its interaction with its environment (Opponent).

—> Interaction is modelled by a bi-partite transition system :

output /%

_—

— (internal)

input (©
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Operational Game Semantics (cont.)

Normal Forms:

n:=E[xv]| retv

e ret v calls for an answer.

e E[xv] calls for a question.

=—> Labels:
= (reth|c) | (xA]c)

where ¢ is an abstract continuation.
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Example 1

Let's consider the trace of
f (Ax.5)

representing the interaction with the environment given by the context represented by ¢

letf < (\g.g v;ret t)in ]

(fglc)®
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Example 1

Let's consider the trace of
f (Ax.5)

representing the interaction with the environment given by the context represented by ¢

letf < (\g.g v;ret t)in ]

(fg|c)® (gA| d)° (ret5]| d)? (rettt| c)®
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Interpretation of programs

The denotation [t]ogs of a given program t is the set of all the traces it generates, i.e.
all its execution runs against all possible environments.

Definition (trace equivalence)

Tt >y u <— [[t]]ogs = [[u]]ogs
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OGS model for algebraic effects and handlers

Algebraic effects introduce new normal forms:

n:=---| E[t#opv] when #op ¢ hdI(E)

— It requires extending the interaction interface with new moves that account for
observable effectful actions.
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OGS model for algebraic effects and handlers

Algebraic effects introduce new normal forms:

n:=---| E[t#opv] when #op ¢ hdI(E)

— It requires extending the interaction interface with new moves that account for
observable effectful actions.

But, what counts as observable?
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Accommodating the OGS model for effect name disclosure

When the program performs an effect
L#op v

— What is the disclosure status of the instance ¢7?
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Accommodating the OGS model for effect name disclosure

When the program performs an effect

L#op v

— What is the disclosure status of the instance ¢7?

e Public: Opponent could potentially handle the effect.

e Private: Opponent can only forward the effect to any enclosing Player’s handling
context.
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Accommodating the OGS model for effect name disclosure

n=---|E[#op v] when #op ¢ hdI(E)

— New interactive moves capturing the delimited continuation E and the effect:

e private effect (x[e] | d)
e public effect (k[t#op A] | ¢)

where & is an abstract delimited continuation.

18 /29



Example 2

Now we look at how the term
handle  (A\x. w#top ()) with {s#top x k — k 5}
interacts with the same environement

letf < (\g.g v;ret tt)in []
(fgla)®
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Example 2

Now we look at how the term
handle  (A\x. w#top ()) with {s#top x k — k 5}
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Constraining Opponent’s behaviour

_—

— (internal)
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Constraining Opponent’s behaviour

_—

— (internal)

input £©

No constraints —> Opponent can simulate undelimited control (a la call/cc), and
hence can discriminate more programs than any real context.
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Constraining Opponent’s behaviour

_—

— (internal)

\_/

input £©

No constraints —> Opponent can simulate undelimited control (a la call/cc), and
hence can discriminate more programs than any real context.

Well-bracketed = Opponent cannot simulate effect handlers, hence its

discriminating powers are no match to real program contexts.
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Modelling delimited control flow

The capturing of a delimited continuation via a handler corresponds to the transition
handleE,1[kn[En[ - - Ko[Eo[t#op V]] - - - ]]] withh —, - -

where #op € hdl(h)

... hence, the actual resumable continuation is

Ax.(handleE,;1[kn[En[ - - Ko[Eo[ret x]] withh)
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Modelling delimited control flow

The capturing of a delimited continuation via a handler corresponds to the transition
handleE,1[kn[En[ - - Ko[Eo[t#op V]] - - - ]]] withh —, - -

where #op € hdl(h)

... hence, the actual resumable continuation is

Ax.(handleE,;1[kn[En[ - - Ko[Eo[ret x]] withh)

= Stack discipline can be disrupted, but the fragments x; of the captured
continuation can only be used in the order in which they have been disclosed.
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Soundness of the OGS model

Definition 4 (Trace Equivalence)
tyu = [t]ogs = [u]ogs

Theorem 5 (Soundness)

N

tr & Zetx
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Conclusion

e Contextual equivalence is more subtle in the presence of generativity of first-class
effect instances.

e Extending the OGS model to account for effectful behaviour.

e Relaxing trace equivalence to coincide with the contextual one.
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Extra slides J
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Algebraic effects and handlers

6

Impure behaviour given by operations on computations
(e.g chose for non-deterministic choice, raise for exceptions...)

Impure behaviour is described by an equational theory on these operations

Account for monadic effects whose behaviour is independent of the current

evaluation context
chose(E[t], E[u]) ~op E[chose(t,u)]

Easier to structure compared to combining monadic effects.

Handlers arise as homomorphisms between models of such algebraic theories.

®Gordon Plotkin and John Power. “Semantics for algebraic operations”. In:

Electronic Notes in Theoretical Computer Science 45 (2001), pp. 332-345.
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Contextual Equivalence

t is terminating
if and only if
dv st tlopret v

Definition 6 (Contextual equivalence)

t > u = VC.C[t] Yop iff Clu] Yop
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Disclosure and contextual equivalence

Consider the following variation of an example from’

f (Ax.5)

~Y
—ctx

lety < newE in
handle

f (Ax. y#op ()
with {y#op xx — K 5}

"Dariusz Biernacki et al. “Handle with care: relational interpretation of algebraic
effects and handlers”. In: Proceedings of the ACM on Programming Languages 2.POPL
(2017), pp. 1-30.
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We need a coarser notion of trace equivalence in which

(feglc)® (ga| d)” (retd | 5) (retc| )

(feglc)® (gh| d)® (ule] | d)¥ (> kle]| c)*(ka5 | ) (retc' | £)®

28/29



Disclosure and contextual equivalence (cont.)

Now consider a variation of the previous example:

lety <newEin gy;f(\x.5)

;ﬁ ctx

let y =new E in
handle

gy f(Ax y#op ()
with {y#op xk — K 5}
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